Consider two symmetric 3 × 3 matrices A and B with entries in GF (q), for q = p n , p an odd prime. The zero sets of v T Av and v T Bv can be viewed as (possibly degenerate) conics in the finite projective coordinate plane of order q. Using combinatorial properties of pencils of conics in P G(2, q), we are able to tell when it is possible to find a nonsingular matrix S with entries in GF (q), such that S T AS and S T BS are both diagonal matrices. This is equivalent to the existence of a collineation mapping two given conics into conics with matrices in diagonal form. For two proper conics, we will in particular compare the situation in P G(2, q) to the real projective plane and point out some differences.
Introduction
A well-known problem in linear algebra is that of finding for two given Hermitian (symmetric) 3 × 3 matrices A and B over the complex (real) numbers a matrix S, such that S * AS and S * BS are both in diagonal form, where S * is the conjugate transpose of S (see for example [1] or [2] ). If such a matrix S can be found, A and B are said to be simultaneously diagonalizable. In this paper, we show that the situation over finite fields is for some cases rather different to the situation over the real or complex numbers. For example, if A and B are two real symmetric matrices, a sufficient but not necessary condition for A and B being simultaneously diagonalizable is that the two equations v T Av = 0 and v T Bv = 0 have no common zeros. When viewing v T Av = 0 and v T Bv = 0 as equations of conics in the real projective plane, the condition above would be equivalent with the conics being disjoint. We will see that for finite projective coordinate planes, not all pairs of disjoint conics are simultaneously diagonalizable. For two conics which do intersect in up to four points however, we will see that our results for the finite plane coincide with the situation in the real projective plane.
We start by reminding the reader of the most important properties of finite projective coordinate planes and their collineations. Moreover, we make some combinatorial considerations used later on in this paper. In the second chapter, we will describe a partition of the plane P G(2, q) by considering the pencil of conics defined by two given conics and think about its possible shapes. In the third chapter, we will use these pencils to answer the question about simultaneous diagonalization of two given conics. Moreover, we mention some connections to geometrical properties of simultaneously diagonalizable matrices, viewed as conics. Moreover, we will compare our findings to the situation in the real projective plane.
Preliminaries

The projective plane P G(2, q)
We recall briefly the most important facts about finite fields (see [3] ) and finite projective planes (see [4] ).
Let GF (q) denote the Galois field of order q = p n for p an odd prime. Since every finite field is cyclic, we can choose a primitive element a of GF (q) and write GF (q) as:
GF (q) = {0, 1, a, a 2 , a 3 , ..., a q−2 }
Recall that a is the solution of an irreducible polynomial over GF (q). For calculating the sum of two elements in GF (q), we have to consider the relation given by this polynomial. For multiplication, we have a i a j = a i+j , where we can use a q−1 = 1. Note that for the additive inverse of 1 we have:
The main idea for the simultaneous diagonalization of two symmetric matrices A and B with entries in GF (q) is to consider the zeros of v T Av and v T Bv, which can be interpreted as lines, points and conics in finite projective coordinate planes of order q, so recall: Definition 1.1. The triple (P, B, I) with I ⊂ P × B is called projective plane, if the following axioms are satisfied:
1. For any two elements P, Q ∈ P, P = Q, there exists a unique element g ∈ B with (P, g) ∈ I
and (Q, g) ∈ I.
2. For any two elements g, h ∈ B, g = h, there exists a unique element P ∈ P with (P, g) ∈ I and (P, h) ∈ I.
3. There are four elements P 1 , . . . , P 4 ∈ P such that ∀g ∈ B we have (P i , g) ∈ I and (P j , g) ∈ I with i = j implies (P k , g) / ∈ I for k = i, j.
Definition 1.2.
A finite projective plane (P, B, I) is said to be of order q = p n , if |P| = |B| = q 2 + q + 1, for p an odd prime. Notation: P q .
A particular class of finite projective planes are so-called coordinate planes, which are constructed as follows:
1. The set of points P is defined as
where ∼ is an equivalence relation given by
2. Using the same equivalence relation, the set of lines B is defined as
The incidence relation I is given by the scalar product
The finite projective plane of order q constructed in this way is unique up to isomorphisms and is denoted by P G(2, q). All points, lines, pairs of lines and proper conics in P G(2, q) can be described as the set
with a, b, c, d, e, f ∈ GF (q), where
We will call these sets in (1) conics and talk about proper conics when referring to sets of q + 1 points, no three of them collinear. If the set V corresponds to a point, a line or a pair of lines in P G(2, p), we refer to these sets as nonproper conics.
Another way to look at this quadratic form is to consider the matrix representation
for v = (x, y, z) and
The set V in (1) then corresponds to a proper conic if and only if the corresponding matrix A is regular. If V corresponds to a singular matrix and is irreducible, the solution is one point only.
Otherwise, if the quadratic form splits into two linear factors, it corresponds to one or two lines. Because of this matrix representation, we sometimes call the nonproper conics singular conics.
As usual, if C is a given proper conic, P a point and l a line, we call l a tangent, if it intersects C in one point, a secant, if it intersects C in two points and an external line if it misses C. P is called inner point, if there is no tangent to C through P , and exterior point, it there are two tangents from P to C. For the matrix representation (2) of a proper conic C, we have: Lemma 1.1. Let C be a proper conic in P G(2, q) and P be any point in P G(2, q). Then:
• P is on C ⇔ CP is a tangent of C
• P is an exterior point of C ⇔ CP is a secant of C
• P is an inner point of C ⇔ CP is an external line of C where we denote by C the conic as well as the matrix representing it, by abuse of notation.
Moreover, the number of tangents, secants etc. for a given proper conic C can be easily calculated: Lemma 1.2. Let C be a proper conic in P G(2, q). The number of exterior points and secants of C is given by
. The number of inner points and external lines of C is given by
An important tool are collinear maps of P G(2, q):
If S is a regular 3 × 3 matrix with coefficients in GF (q), then φ S : P G(2, q) → P G(2, q), P → SP is bijective and collinear, i.e., a set of collinear points is mapped to a set of collinear points.
Remark 1.4. We may consider the map φ S as a coordinate transformation. Consider two points P and Q and the unique line l connecting them. Then the unique line connecting φ S (P ) = SP and φ S (Q) = SQ is given by:
Moreover, let P 1 , ..., P q+1 be the q + 1 points on a proper conic C and S regular. Then the points SP 1 , ..., SP q+1 lie again on a proper conic, namely on φ S (C), given by
where C denotes the matrix A associated to the conic (3). Lemma 1.5. For any three noncollinear points P = (p 1 , p 2 , p 3 ), Q = (q 1 , q 2 , q 3 ) and R = (r 1 , r 2 , r 3 ) in P G(2, q), there exists a collineation φ S mapping those points to (1, 0, 0), (0, 1, 0) and (0, 0, 1), namely the map φ S with: φ S (P ) = (1, 0, 0), φ S (Q) = (0, 1, 0) and φ S (R) = (0, 0, 1) where
An even stronger statement is true for finite projective coordinate planes: Lemma 1.6. Any quadrilateral can be chosen arbitrarily in P G(2, q).
In particular, there is a collineation φ S mapping any four points P 1 , P 2 , P 3 , P 4 , no three of them collinear, to (1, 0, 0), (0, 1, 0), (0, 0, 1) and (1, 1, 1).
Some combinatorial considerations
In this section, we restrict our attention to proper conics and will therefore omit the term proper to improve readability. We count the number of conics, which intersect in a particular number of points and use this to count conic pairs which have a certain number of points in common. The numbers deduced in this section will be used later on. First, we deduce how many conics there are through a given number of points.
Lemma 1.7. Let P G(2, q) be any finite projective coordinate plane with q = p n for p an odd prime. Then:
• There are (q − 2) conics through four given points.
• There are (q − 1) 2 conics through three given points.
• There are q 2 (q − 1) conics through two given points.
• There are q 2 (q 2 − 1) conics through one given point.
Proof. To count the number of conics through four given points, we use the fact that any four points, no three of them on one line, can be chosen arbitrarily in the plane P G(2, q) by Lemma Now we can use Lemma 1.7 to compute the following quantity:
The number of conics in P G(2, q) which intersect any given conic in k points is defined by:
Lemma 1.8. Let P G(2, q) be any finite projective coordinate plane of order q. Then:
Proof. Since any conic is uniquely defined by five of its points, we get N 5 (q) = 1. Let us consider the conicC and fix four points onC. There are q − 3 conics, which intersectC in these four points, since the total number of conics through four points is given by q − 2, as seen in Lemma 1.7. This is true for any set of four points onC, which gives us N 4 (q) = q+1 4 (q − 3). For the third statement, with the same argument as before, we get
through any three points of the fixed conicC, not countingC itself. But now, we also count those conics intersectingC in four points, in particular, we even count those conics 4 3 = 4 times. Hence, we have to subtract 4N 4 (q) to get the desired result.
Similarly for the fourth statement, recall that there are q 2 (q − 1) − 1 conics through any two points onC, not countingC itself. Again, we also count those conics intersectingC in four points and now, we even count them 4 2 = 6 times. Moreover, we count those conics intersectingC in three points, namely 3 2 = 3 times. By subtracting these expressions, we obtain the claimed number. To obtain N 1 (q), a similar discussion can be made. Finally, to find the number of conics which are disjoint toC, we just have to subtract the number of all conics which intersectC in one, two, three or four points, as well asC itself, of the number of all conics, which is q 5 − q 2 .
Partition of P G(2, q)
In this section, we consider homogeneous polynomials of degree two with coefficients
and the structure of conics V i := V(E i ) obtained by considering the pencil of such objects V(E i ) over GF (q). For this, we define:
Definition 2.1. Let V i and V j be two conics given by the zero set of polynomials (4) in P G(2, q). Let a be any primitive element of GF (q). Then we define the pencil of V i and V j as
i.e. the set of all elements given by GF (q)-linear combinations of E i and E j .
The main goal in this section is to show that starting with two disjoint conics V i and V j , their pencil leads to a partition of the plane P G(2, q). Note that we do not restrict the results to starting with proper conics, i.e. V i and V j can correspond to points, lines and pairs of lines as well. As a direct consequence of the definition, we mention:
Lemma 2.1. If a point P = (x, y, z) vanishes on E i and E j , it vanishes on E i + a k E j as well. In particular, if a point P lies in two conics V i and V j , it lies in every element in their pencil
Lemma 2.2. The pencil P(V i , V j ) is independent of the representatives V i and V j .
Proof. We want to show that starting with any two conics in P(V i , V j ) leads to the same pencil. Without loss of generality, let {(0, 0, 1), (0, 1, 0), (1, 0, 0)} be in V 1 . So, we have to consider the following equations for V 1 = V(E 1 ) and V 2 = V(E 2 ):
We obtain:
Note that we have F q−1 = F 0 . We claim that these polynomials
For (1 + a s ) = 0, we obtain E 1 , otherwise, we can multiply the polynomial above by the inverse element of (1 + a s ), which gives:
This is again of the form E 2 + asE 1 for as = a k +a l+s (1+a s ) . Hence, starting with any two polynomials of E 1 , E 2 , F 0 , ..., F q−2 leads to the same pencil.
The next result deals with the question, whether all points of the plane P G(2, q) are in some conic in P(V i , V j ).
Lemma 2.3. Consider the pencil P(V i , V j ). Let P be any point in P G(2, q). If P lies in some W ∈ P(V i , V j ), then it is either only in W or in every element of P(V i , V j ). Moreover, every point P of the plane P G(2, q) is contained in at least one element of P(V i , V j ).
Proof. The first statement is immediate by Lemma 2.1. For the second statement, let P in P G(2, q) be arbitrary. Assume there exists an element W in P(V i , V j ), such that P is not in W . By the first statement, P can lie in at most one element of P(V i , V j ). The pencil consists of q + 1 conics and we assume that P does not lie in q of them. So the q equations defining these q conics take values in GF (q)\{0}. By the pigeonhole principle, there are two polynomials with the same value at P . Without loss of generality, assume that this happens at E 1 and E 2 , the polynomials describing V 1 and V 2 , i.e.
(P ) = 0. This shows that every point is contained in at least one element of the pencil.
Corollary 2.4. Let E 1 and E 2 be two polynomials of the form (4) in P G(2, q). Moreover, let V 1 and V 2 be disjoint. Then the pencil P(V i , V j ) gives a partition of all points in P G(2, q).
Proof. Since V 1 and V 2 are disjoint, no point of P G(2, q) can be in more than one element in P(V i , V j ). Otherwise, by Lemma 2.3, P would be in every conic of P(V i , V j ) and hence a common point of V 1 and V 2 as well, which is a contradiction to our assumption. Moreover, every point of P G(2, q) is contained in at least one element of P(V i , V j ). This gives a partition of P G(2, q).
Simultaneous diagonalization
Recall that we are interested in conics defined by the zero set of polynomials E
where a, b, c, d , e, f ∈ GF (q).
For these equations, let us first clarify what we mean by diagonal:
Definition 3.1. We call an equation (5) diagonal, if the coefficients of the mixed terms xy, xz, yz are zero. We call the equation diagonalizable if there is a collineation mapping the zeros of (5) to the zeros of a diagonal equation.
As seen in Remark 1.4, a symmetric matrix A, which can be viewed as the matrix corresponding to a point, a line, a pair of lines or a proper conic, is called diagonalizable, if there exists a nonsingular matrix S, such that S T AS has diagonal form. In this chapter we are therefore interested in the existence of a nonsingular matrix S such that for two given matrices A and B, the matrices S T AS and S T BS are both in diagonal form.
The disjoint case
We have seen before that starting with two disjoint conics given by (5) leads to a partition of the plane. We are now interested in the possible shapes of these partitions. We know that any conic given by an equation (5) corresponds either to a proper conic, a point, a line or a pair of lines. Recall that any two lines intersect in a unique point, hence when starting with two disjoint conics, at most one line or one pair of lines can occur in the whole partition. Since every point has to be contained in exactly one conic of the pencil, this observation leads us to exactly three possible shapes for the pencil. In particular, we end up with either, q, q − 1 or q − 2 proper conics. According to this, we define:
The three possible shapes of a partition of the plane P G(2, q) given by a pencil of disjoint conics are:
• q-Form: P, C 1 , ..., C q
• (q − 1)-Form: P, g, C 1 , ..., C q−1
• (q − 2)-Form: P,P , gg, C 1 , ..., C q−2
where P ,P are points, g is a line, gg a pair of lines and C i proper conics.
By analyzing these three shapes, we find the following:
Theorem 3.1. Two disjoint conics C 1 and C 2 in P G(2, q) are diagonalizable simultaneously if and only if their pencil P(C 1 , C 2 ) leads to a partition of (q − 1)-Form or (q − 2)-Form.
Proof. In the first part of the proof, we will see that starting with a pencil of two diagonal equations yields into a (q − 1)-Form or a (q − 2)-Form. For this, let E 1 and E 2 be the equations of C 1 and C 2 , respectively. Consider:
where b 1 , b 2 , c 1 , c 2 = 0, hence we start with two proper conics. Note that this is no restriction, since in every possible form, there are at least two proper conics and by Lemma 2.2, the pencil is independent of the choice of representatives. Considering the pencil P(V(E 1 ), V(E 2 )), we see that the q − 1 additional elements are given by:
The conics are disjoint by assumption, so we know that their pencil corresponds to one of the partitions defined above. We see immediately, that For the other direction, we have to show that all pairs of disjoint conics with a pencil of (q−1)-Form or (q − 2)-Form can be diagonalized simultaneously. For this, let us first look at the (q − 1)-Form.
We start with two disjoint conics such that their pencil is of (q −1)-Form, which means that exactly two singular forms occur, namely one point and one line. We can now apply a collineation to the whole pencil, such that, without loss of generality, the point P is given by (1, 0, 0) and the line g is incident with (0, 1, 0) and (0, 0, 1). There is only one conic describing this line, namely g = V(x 2 ). For P , we have more possibilities, as for example P = V(y 2 + cz 2 + f yz), where c and f are chosen such that the expression is irreducible. The pencil P(P, g) is then given by:
. . .
Now we can apply another collineation such that all these polynomials are in diagonal form. Namely 
, we indeed end up with a pencil of diagonal conics, namely:
4 . For the (q − 2)-Form, we start again with two proper disjoint conics. Their pencil now contains a pair of lines and two points. By applying a suitable collineation, we can assume one of the points to be P = (1, 0, 0), which is again given by V(cy 2 + z 2 + f yz) for c and f chosen such that it is an irreducible equation. Moreover, we can assume the pair of lines to be given by gg with g through (1, 1, 0) and (0, 0, 1) andg through (1, −1, 0) and (0, 0, 1), so we have gg = V(x 2 + a q−1 2 y 2 ). Note that we are indeed allowed to choose these four points without loss of generalization, as seen in Lemma 1.6. With the same collineation as before, we can start with diagonal forms for P and gg, i.e. we can set f to be zero. We obtain the following pencil:
Note that E 0 is indeed V(x 2 + cz 2 ) and hence corresponds to the second point in the pencil. Again, we end up with diagonal forms only. Remark 3.2. As an immediate consequence of this theorem we obtain that in P G(2, q) every proper conic C can be diagonalized. To see this, just choose any line g disjoint to C and look at the pencil P(C, g), which is by construction in (q − 1)-Form. Example 3.3. Let C andC be two disjoint conics in P G (2, 5) given by:
Since there are four proper conics in this pencil, we can diagonalize C andC simultaneously. The first step is to write down a coordinate transformation φ S mapping P to (1, 0, 0) and g to the line x = 0. Such a transformation is given by
which indeed leads to φ S (P ) :=P : y 2 + a 3 z 2 + a 3 yz = 0 and φ S (g) :=g :
As the equation ofP is not in diagonal form, we have to perform one more transformation φ T , given by the matrix
Combining these two coordinate transformations gives the following pencil:
Hence, we find a coordinate transformation φ M with: Note that a well-known result concerning Hermitian matrices A and B states that the condition AB = BA is sufficient for simultaneous diagonalization and in this case, the matrix S is even a unitary matrix, i.e. S −1 = S * . In the example above, however, we were able to diagonalize the matrices simultaneously, although they do not commute.
Corollary 3.5. Not all pairs of proper disjoint conics C andC can be diagonalized simultaneously in P G(2, q).
Proof. For this, we only have to show that for a fixed proper conic C, there exists a proper conic C disjoint to C, such that their pencil leads to a q-Form. For this, we use a counting argument.
First, we count the number of proper conics disjoint to C, such that their pencil is of (q − 1)-Form. This is the same as counting the pairs of diagonal conics (C,C) with C fixed in (q − 1)-Form. Let C = V(x 2 + by 2 + cz 2 ). We can look at the pencil of C and V(x 2 ), V(y 2 ) or V(z 2 ) depending whether by 2 + cz 2 = 0, x 2 + cz 2 = 0 or x 2 + by 2 = 0 has a solution over GF (q). In the worst case, all three of these equations are solvable, i.e. there are no pencils of (q − 1)-Form. If two of these are solvable, say x 2 + cz 2 = 0 and x 2 + by 2 = 0, we can add x 2 = 0 to the conic to obtain a pencil of (q − 1)-Form. This gives q − 2 proper conics, which are disjoint to C and we obtain a pencil of (q − 1)-Form. In the best case, none of the three equations are solvable, which gives 3(q − 2) such disjoint conics.
Similarly can be argued for pencils of (q − 2)-Form, where in the best case, we get 3(q − 3) proper conics disjoint to C such that the pencil is of (q − 2)-Form. In total, we can get at most 3(q − 2) + 3(q − 3) = 6q − 15 such proper conic pairs.
In Lemma 1.8 we have seen, that there are
proper conics which are disjoint to a given proper conic C. This number is always strictly greater than 6q − 15, hence there are pairs of disjoint proper conics not having (q − 1)-Form or (q − 2)-Form.
Remark 3.6. In the real projective plane, all pairs of disjoint conics can be diagonalized simultaneously (see [1] ). Note that in this case, two disjoint conics C andC have the property that either all points of C are external points ofC or all points of C are inner points ofC, as they do not intersect. In P G(2, q) however, the two conics can be disjoint without having this property, i.e. C can contain external points ofC as well as inner points. We will show in the remaining part of this subsection, that if the two conics are disjoint and one consists of only external points or only inner points of the other one, simultaneous diagonalization is still possible.
We are therefore interested in a geometric property of diagonalizable conic pairs, namely with the property of lying in nested position: Definition 3.3. Let C andC be any two proper conics in P G(2, q). We say that the pair (C,C) is in nested position if every point of C is an external point ofC or every point of C is inner point ofC and vice versa. Notation: (C,C) nes .
Before we look at the pencil of a pair of conics in nested position, we need: Lemma 3.7. Let (C,C) nes . Then C andC are disjoint and have no tangents in common.
Proof. As every point of C is an external point or inner point ofC, C does not contain a point of C and hence, they are disjoint. For the second property, we have to distinguish two cases.
We start with C consisting of inner points ofC only. In this case, no point of C is incident with a tangent ofC, i.e. the two conics have no tangent line in common.
For C consisting of external points ofC only, we know that through every point of C there are exactly two tangents ofC . There are q + 1 points on C and there are q + 1 tangents ofC. As every point of C is incident with two tangents ofC, also every tangent ofC need to be incident with two points of C, hence every tangent ofC is a secant of C. Proof. Let (C,C) nes . It is enough to show that for any point P ∈ C which is an external point ofC, also φ S (P ) is an external point of φ S (C), for any collineation φ S . By Lemma 1.1, we know that a tangent ofC in a point Q ∈C is given byCQ. We have:
which shows that if P is an external point ofC, also φ S (P ) is an external point of φ S (C).
Theorem 3.9. The only pencil of two proper disjoint conics C andC in P G(2, q) for q ≥ 5, where all pairs of proper conics lie in nested position, is the pencil of (q − 1)-Form. Moreover, in a pencil of (q − 1)-Form, all pairs of proper conics lie in nested position.
Proof. This can be done be combinatorial considerations only, namely by excluding q-Form and (q −2)-Form. By Lemma 1.2, there are
external points for any fixed proper conic C. Assume that all pairs of proper conics in a pencil of q-Form are in nested position. For this, we have to consider two cases, namely the unique point P in the pencil being an external or an inner point of C. Let P be an external point of C. By our assumption, this gives us k(q + 1) + 1 external points of C, for an integer k, depending on the number of proper conics in the pencil consisting of external points of C only. This means:
Dividing by (q + 1) gives k = q 2 − 1 q+1 which is not an integer, as q odd and greater or equal to 5. Hence, this case is not possible.
Let P be an inner point of C. Again, by assumption, this would imply k(q + 1) = q(q+1) 2 for an integer k, which is not possible for q odd. Because of this, not all pairs of proper conics in a pencil of q-Form can be in nested position.
To exclude the (q − 2)-Form, assume again that all pairs of conics lie in nested position. Here, we have to consider different cases of how many points of gg, P,P are external points of C. The lines g andg intersect at exactly one point, say R. If R is an external point of C, there are two tangents of C through R. Since every two lines intersect, every other tangent of C must intersect both g andg, which gives 1 + (q − 1) = q external points on gg. For the case that R is an inner point of C, by the same argument, we obtain q + 1 external points on R. Moreover, the two points P and P can be external points or inner points, which gives us in total q, q + 1, q + 2 or q + 3 external points not on any proper conic of the pencil. Hence, we have:
Dividing by (q + 1) gives:
This is not an integer, as q an odd integer and q ≥ 5. Hence, not all pairs of proper conics in a pencil of (q − 2)-Form can be in nested position.
To show the second statement, remember that by Lemma 3.8, the property of lying in nested position is invariant under collineations. By assumption, the pencil is of (q − 1)-Form and hence can be transformed into a pencil of diagonal forms, as shown in Theorem 3.1. Hence, it is enough to show, without loss of generality, that in the following pencil, all pairs of proper conics lie in nested position:
So, let C i and C j be given by:
Since all points of P G(2, q) with a zero x-coordinate lie on the line g = V(x 2 ), a point P of C i can be considered as P = (1, P 2 , P 3 ). So, we have P . By Lemma 1.1, the conics C i and C j lie in nested position if either for all such points P , C j P is a secant of C j or this happens for no such point P . We have:
This quadratic equation is solvable for z if and only if its discriminant is a square in GF (q), i.e., if and only if:
which is independent of the point P , i.e. (C,C) nes .
The nondisjoint case
Note that two nondisjoint proper conics can intersect in one, two, three or four points. If they intersect in more than four points, they are actually the same, since any proper conic is uniquely defined by five of its points. To study the question whether or not two nondisjoint proper conics can be diagonalized simultaneously, we look at the following results, each concerned with another number of intersection points. For all cases, we assume simultaneous diagonalization for the two proper conics we start with. Hence, in all proofs, we have to consider the following pencil:
Note that F q−1 2 corresponds to a singular conic, since a q−1 2 = −1. As seen in the proof of Theorem 3.1, there are exactly two or three singular conics in this pencil. Theorem 3.10. No two proper conics C 1 and C 2 in P G(2, q), which intersect in exactly one point, can be diagonalized simultaneously.
Proof. Let C 1 and C 2 intersect in exactly one point, say P , and assume that they can be diagonalized simultaneously. We know that all elements in the pencil P(C 1 , C 2 ) must contain P as well and we have to distinguish the cases of P itself occurring as an element in the pencil.
Let us start by assuming the existence of a singular conic corresponding to P only. Since we only have q + 1 elements in the pencil and every point of the plane P G(2, q) needs to occur in one of them, there has to be a singular conic corresponding to a pair of lines as well. Indeed, this gives 1 + 2q + (q − 1)q = q 2 + q + 1 different points in the q + 1 conics of the pencil. As there are equally many points on a proper conic and on a line, the remaining q − 1 conics can correspond to lines or proper conics. There are two or three singular conics in the pencil of C 1 and C 2 , hence we have to distinguish further.
First, assume that the pencil is of the form P, gg, C 1 , ..., C q−1 . In this case, we have two singular conics and two of the F i 's above must correspond to a point or a pair of lines. This means b −b = 0 and c −c = 0 as otherwise, F q−1 2 would correspond to a line. There is exactly one more singular conic, hence there exists a k such that b + a kb = 0 and c + a kc = 0. But then, the conic F k corresponds to a line, which is a contradiction.
Let the pencil now be of the form P, gg, g ′ , C 1 , ..., C q−2 . Here, we have three singular conics. Assume that F q−1 2 corresponds to a line. Since any equation x 2 + ty 2 = 0 corresponds to a point or a pair of lines, depending on t = 0, we need b =b or c =c to obtain the line z 2 = 0 or y 2 = 0. In both cases, there can only be one more singular conic, which is a contradiction. So, F q−1 2 must correspond to the point or the pair of lines. In both cases, we have b =b and c =c. Since we need three singular conics, we find a k such that b + a kb = 0 and a k ′ with c + a k ′c = 0. For k = k ′ , the conics F k and F k ′ both correspond to a point or a pair of lines. As k = k ′ leads to only one more singular conic corresponding to a line, we have a contradiction. Now assume that P does not occur as an element of the pencil. In this case, assume we have the pencil g 1 , g 2 , C 1 , ..., C p−1 or g 1 , g 2 , g 3 , C 1 , ..., C p−2 . This means, that F q−1 2 must correspond to a line, i.e. b =b or c =c. This gives only one more singular conic, which corresponds to a point or a pair of lines, hence we cannot produce the pencils we assumed.
Remark 3.11. Note that the same result is true in the real projective plane as well. A shorter proof for that is to look at two proper conics in diagonal form C : x 2 + by 2 + cz 2 andC : x 2 +by 2 +cz 2 . Note that if P = (x, y, z) lies on C andC, then so do (x, −y, z), (x, y, −z) and (x, −y, −z). Since (1, 0, 0), (0, 1, 0) and (0, 0, 1) do not lie on a proper conic, we obtain exactly two or four intersection points. This argument holds for the real projective plane as well as for P G(2, q). For this reason, we expect simultaneous diagonalization to fail for conics with one or three common points.
Lemma 3.12. Two proper conics C 1 and C 2 which intersect in two points can be diagonalized simultaneously if and only if their pencil is of the form
Proof. Let C 1 and C 2 intersect in two points P and Q. None of the elements of the pencil can correspond to a point, since both P and Q lie in all elements of the pencil. Moreover, since every point of the plane except P and Q needs to be in exactly one element of the pencil, we need one pair of lines, since we need (2q +1)+(q −1)q = q 2 +q +1 points in total. As there is exactly one line through P and Q, we only have two possible forms for the pencil, namely g 1g1 , g 2 , C 1 , C 2 , ..., C q−1 or g 1 , C 1 , C 2 , ..., C q . The second one has only one singular conic, so simultaneous diagonalization is not possible in this case, which shows one direction of our claim.
For the other direction, note that for two diagonal conics, if they intersect in a point (1, y, z) they intersect as well in the points (1, −y, z), (1, y, −z) and (1, −y, −z), which gives four intersection points. Hence, if the two conics we started with are diagonalizable simultaneously, then they intersect in a point with a zero coordinate, e.g. (1, a, 0) , which gives only one more intersection point. As we can transform any three noncollinear points to any other three noncollinear points, we search for a transformation φ S such that φ S (P ) = (1, a, 0), φ S (Q) = (1, −a, 0) and φ S (g 1 ∩g 1 ) = (0, 0, 1). This gives the equation z 2 = 0 for g 2 and a 2 x 2 − y 2 = 0 for the pair of lines. These two conics intersect in exactly two points, namely (1, a, 0) and (1, −a, 0). Hence, linear GF (q)-linear combinations of these equations lead to a pencil of the form above and transforms the two conics we started with into two diagonal conics.
Lemma 3.13. Two proper conics C 1 and C 2 , which intersect in three points, cannot be diagonalized simultaneously.
Proof. Let C 1 and C 2 intersect in the points P , Q and R. Note that none of the conics in the pencil correspond to a point. Moreover, none of the conics correspond to a line, as P , Q and R are not collinear by the definition of a conic. Hence, the only singular conics which occur correspond to pairs of lines. The question therefore is how many such pairs there are and if there is only one possible pencil. For this, note that on a pair of lines, there are always 2q + 1 points. As all conics in question intersect in the same three points, we have to be careful not counting any point too often. So, we have to solve the following equation:
3 + i(2q − 2) + (q + 1 − i)(q − 2) = q 2 + q + 1 which gives immediately i = 2, so there are always two singular conics which correspond to a pair of lines. Hence, the pencil of two proper conics which intersect in three points is always of the form g 1g1 , g 2g2 , C 1 , ..., C q−1 .
The conic F q−1 2 therefore corresponds to a pair of lines, which gives b =b and c =c. There is only one more singular conic, hence there exists a k such that b + a kb = 0 and c + a kc = 0. But then F k corresponds to a line, which is a contradiction.
Remark 3.14. We already mentioned in Remark 3.11 that this happens in the real projective plane as well.
Lemma 3.15. Two proper conics C 1 and C 2 which intersect in four different points can always be diagonalized simultaneously.
Proof. In the pencil of two proper conics C 1 and C 2 which intersect in four points, the only possible singular conics correspond to pairs of lines, by the same argument as before. Again, we have to think about the number i of pairs of lines needed to obtain a partition of the plane by this pencil. For this, we have to solve: 4 + i(2q − 3) + (q + 1 − i)(q − 3) = q 2 + q + 1 which gives us i = 3. Hence, the pencil of two proper conics which intersect in exactly four different points is always given by g 1g1 , g 2g2 , g 3g3 , C 1 , ..., C q−2 . There are three singular conics in such a pencil, therefore we can try to diagonalize them. For this, we choose the following four intersection points: P = (1, 1, 1), Q = (1, −1, 1), R = (1, 1, −1), S = (1, −1, −1)
There are exactly three different pairs of lines through these four different points P , Q, R and S, given by:
Each two of those three pairs of lines intersect in exactly four points, hence their pencil is of the form:
. . . Therefore, the two conics we started with are diagonalized as well.
Remark 3.16. In the real projective plane, two conics intersecting in four points can always be diagonalized simultaneously as well. This can for example be shown by proving the existence of a triangle which is self-polar with respect to both conics (see for example [5] ).
Summary
To finish the discussion about simultaneous diagonalization of two symmetric matrices using pencils of conics, we summarize our results in the following table.
Case Pencil diagonalizable? |C 1 ∩ C 2 | = 0 P, g, C 1 , ..., C q−1 yes P,P , gg, C 1 , ..., C q−2 yes P, C 1 , ..., C q no |C 1 ∩ C 2 | = 1 P, gg, C 1 , C 2 , C 3 /g 3 , ..., C q−1 /g q−1 no C 1 , C 2 , C 3 /g 3 , ..., C q+1 /g q+1 no |C 1 ∩ C 2 | = 2 gg, g ′ , C 1 , ..., C q−1 yes gg, C 1 , ..., C q no |C 1 ∩ C 2 | = 3 g 1g1 , g 2g2 , C 1 , ..., C q−1 no |C 1 ∩ C 2 | = 4 g 1g1 , g 2g2 , g 3g3 , C 1 , ..., C q−2 yes
